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1. Introduction
The understanding of the relation between (largeN) gauge theories and string theories
[1], [2], [3], [4] (see also discussion in [5]), is probably one of the most important problems
in the modern theoretical physics. During the last decade this connection showed up in
string theory literature with various faces: multiple D-branes backgrounds [6], Matrix
Theory proposal [7], AdS/CFT correspondence [8], [9], [10], various constructions of the
solitonic objects in terms of matrix degrees of freedom [11], [12], [13], [14]. All this implies
very interesting interrelation between the non-abelian gauge degrees of freedom (of open
strings as the closest relatives of gauge theories in the string world) and purely geometrical
”gravitational” degrees of freedom (of closed strings). From the mathematical side it seems
to provide the most intriguing example of the unity of Algebra and Geometry.
The simplest example of such relation is given by multiple D-brane background. The
important lesson learned from the recent studies of the open string field theory is the new
point of view on such backgrounds. A few years ago one would think about D-branes as
solitons in the closed string theory, but by now it is well-known that D-branes can be
also considered as solitons in the open string field theory. This can be seen both from
cubic CS string field theory of [15] and background independent open string field theory
[16], [17], [18], [19]. In the latter any boundary CFT (with world-sheet being a disk) is a
critical point for corresponding string field theory action; this action evaluated on classical
solution coincides with the world-sheet partition function. Thus any D-brane background
should provide a classical solution for the background independent open string field theory
lagrangian1.
Although the above argument gives simple explanation of the fact that D-branes are
solitons in open string field theory, many issues remain unclarified. For instance it is not
clear how the non-abelian gauge fields emerge in the case of the near coincident D-branes
in this formalism. The interpretation of the closed strings in these terms also remains an
open question (see discussion in lecture notes [21] and comments below).
1 In fact this was already noticed in [17] and reinterpreted in modern terms in [20] in order
to argue that field theory of open strings contains all possible stringy backgrounds, including D-
branes and closed strings, as classical solutions and thus can serve as a definition of full (consistent)
off-shell string theory.
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In this paper we will address the first question using the formalism of background
independent open string field theory which turned out to be very effective in verifying the
Sen’s conjectures [22] as it was demonstrated in [23], [24], [25] 2.
One of the main reasons for the appearance of the non-abelian algebraic structures
in the open string theory is an obvious geometrical interpretation of the open string as a
some kind of matrix (open strings have two ends) acting in the appropriate Hilbert space
[28], [29], [30], [31], [32]. The infinite dimensionality of this Hilbert space leads to some
unusual phenomena responsible for the peculiar properties of string theory. Let us stress
that the non-commutativity is a basic property of string theory and is not a special feature
of the backgrounds with non-zero vacuum value of the B-field.
The existence of this ”matrix” structure of the open string theory allows us to add
non-abelian indexes to the open string wave function with the help of Chan-Paton factors.
Basically one has a tensor product of the stringy ”matrix” algebra and some abstract
matrix algebra. One of the important outputs of the discovery of the D-branes was the
understanding that Chan-Paton factors also have a geometrical origin and naturally appear
in multiple D-branes backgrounds [6].
We argue that the non-commutative structure of the open string theory on a manifold
M may be captured in a reasonable approximation by the non-commutative algebra of
differential operators on M . The algebra of differential operators on the manifold together
with its various completions is the model of the matrix algebra appearing in Matrix Theory
of strings [7]. By considering the algebra of differential operators instead of the (abstract)
infinite dimensional matrices of the Matrix Theory we partially loose background inde-
pendence but instead we get a very explicit description of the non-commutative degrees of
freedom.
The algebra of differential operators may be considered as a non-commutative defor-
mation of the algebra of functions on the cotangent bundle T ∗M defined by the canonical
quantization with the symplectic form ω =
∑
i dpi ∧ dxi. The widely discussed non-
commutative structure appearing when B -field is non-zero [33], [34], [35], from this point
of view, may be described as some B-dependent deformation of the basic symplectic struc-
ture. Full description of the non-commutative structure in the open string theory obviously
includes the differential operators on the space of the maps of the (holomorphic) disks to
the space-time. Some remarks on this are given at the end of the paper.
2 After this work was finished the studies of similar questions in the lines of cubic CS string
field theory appeared in [26], [27].
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We propose a construction of the vertex operators responsible for Chan-Paton degrees
of freedom. The main ingredients of this construction turns out to be closely related
to the algebra of differential operators. It is not accidental. By looking at the short
distance correlation functions in the boundary conformal field theory with appropriate
regularization prescription we show that they can be reproduced by a simple quantum
mechanics describing the quantization of the space which locally looks like a cotangent
bundle of the space-time where string theory is defined. The corresponding algebra of the
quantum operators (differential operators acting on the space of functions on space-time) is
the basic structure one needs in order to extract the matrix degrees of freedom entering in
the description of the D-brane theories. We give the explicit construction of this reduction
in terms of tachyon condensation for various tachyonic profiles.
We hope that our simple model for the description of the non-abelian degrees of free-
dom of the open string theory, among other things could shed some light on the open/closed
strings correspondence in the lines of discussion in [25]. As an illustration of the usefulness
of the approach proposed in this paper, we apply it [36] to the problem of the universal
description of the RR gauge field couplings with open strings.
One shall note that remarks regarding the importance of the understanding of non-
abelian degrees of freedom in terms of boundary sigma models can be found in [37], [24].
The considerations in [38] might also be relevant to our discussion.
2. Matrix algebra, Vertex operators and GL(∞)
In background independent open string field theory (we will consider only the case
when ghosts and matter decouple) the classical action is defined on the space of boundary
conditions for bosonic string with world-sheet of disk topology. This action has a critical
point for any conformal boundary condition; also, every critical point corresponds to a
conformal boundary condition. If the space of boundary conditions is parameterized by
local coordinates ti the classical action can be written in terms of the β-function βi(t)
corresponding to the coupling ti and matter partition function Z(t):
S(t) = −βi(t)∂iZ(t) + Z(t) (2.1)
On-shell (t = tc - exactly marginal boundary perturbation) the action coincides with the
partition function Z(tc). If the world-sheet theory is perturbed by the complete set of
boundary operators (corresponding to the full spectrum of given conformal field theory)
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the action (2.1) is well-defined in the space of couplings although at first glance the world-
sheet theory might look non-renormalizable [19]. The simplest case where one can exactly
compute the effective action is given by the quadratic off-shell tachyon profile [17]:
T (X(θ)) = T0 +
∑
µ
1
2
uµ(X
µ(θ)− aµ)2 (2.2)
(for the discussion of the limitations of this computation for current application see [21]).
Since various collection of D-branes shall provide us with world-sheet (disk) conformal
field theories, the action (2.1) must have corresponding critical points. We shall show that
multi-branes are indeed the solutions of the equations of motion for (2.1). Besides, there
shall be a vacuum without open strings [22] - closed string vacuum. In terms of the profile,
(2.2) the closed string vacuum corresponds to the solution with T0 = ∞, uµ = 0 of the
equations of motion for S. Solutions corresponding to D-branes can be represented by
the tachyonic profiles localizing the effective action on the relevant submanifolds. For
example, in order to explicitly write down such solution one could use the approximation
of the delta function by the profile (2.2) with T0 → ∞, u1 → ∞, uµ6=1 = 0. This
corresponds to D-brane boundary condition which is described by the equation X1 = a1.
Let us consider decomposition of the fields on the boundary of the diskXµ(θ) = Xµ+Xµ∗ (θ)
on the constant and non-constant parts, integrate out the non-constant modes and find
the corresponding action in terms of the integral over X (here we use integration by parts
over X ; for some details see [21]):
S(T0, u) =
∫
e−T (X)F (∂2T (X), ∂3T (X), ...) =
∫
dXe
−
∑
µ
1
2uµ(X
µ−aµ)2
F (T0, u) (2.3)
One can solve the equations of motions for T0 and evaluate the action on such solution:
S(u) =
∫
dXe
−
∑
µ
1
2uµ(X
µ−aµ)2
F˜ (u) (2.4)
Consider the case when uµ6=1 = 0. The action at the conformal point should be invariant
with respect to the scaling of u1. This unambiguously fixes the asymptotics of function
F˜ (u1):
S(u1) ∼
∫
dXe−
1
2u1(X
1−a1)2√u1 (2.5)
In the limit u1 →∞ we have:
S(u)→
∫
dXδ(X1 − a1) (2.6)
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Note the correct normalization of the action is a consequence of the fact that at the con-
formal point the action coincides with the partition function. Thus we see the localization
which is a manifestation of the appearance of the D-brane. In terms of the sigma model
description this leads to the projector operator:∫
DXe
∫
dθ(−uX2(θ)) ∼
∫
DXDPe
∫
dθ( 1
u
P 2(θ)+P (θ)(X(θ)−a)) →u→∞
∫
DXδ(X−a) (2.7)
For general tachyon potential an arbitrary map of the disk to the flat space-time can
be written as a sum of harmonic map (with boundary map being X(θ)) and arbitrary
function with zero value on the boundary. Thus the world-sheet action perturbed by the
boundary operators (as in background independent open string field theory) can be written
purely in terms of the boundary value X(θ) :
IB =
∫ ∫
dθdθ′Xµ(θ)H(θ, θ′)Xµ(θ
′) +
∫
dθT (X(θ))
= T (X) +
∫
Xµ∗ (θ)[H(θ − θ′)δµν + δ(θ − θ′)∂µ∂νT (X)]Xν∗ (θ′)+
+O(∂3T (X))
(2.8)
here H(θ, θ′) = 1
2
∑
k∈ZZ
eik(θ−θ
′)|k|. In the lowest, two derivative approximation one can
ignore the last term and get for the world-sheet partition function:
Z(T ) =
∫
dXe−T (X)det′[H + ∂2T ]−
1
2 (2.9)
This can be used for the computation of (2.1) (but only in two derivative approximation
as it was mentioned in [21]; for higher derivative terms the contributions of the last term
in (2.8) mix with the powers of ∂2T coming from determinant in (2.9)).
Now consider the case of the multicritical tachyon profile, or in other words - some
kind of boundary Landau-Ginzburg theory with potential W (X)2 (for simplicity we will
be treating only the case of non-trivial dependence on the one coordinate of space-time -
X):
T (X(θ)) = T0 + u(W (X))
2 = T0 + u
N∏
i=1
(X − ai)2 (2.10)
At u → ∞ (when the points ai are far from each other) in this case we get the insertion
of the projector in the world-sheet path integral which defines the space-time action (2.1)
(from the superposition of the solutions from different critical points of the tachyon profile)
and thus:
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S(u) ∼
∑
i
∫
dXe−
1
2uT
′′(ai)(X−ai)
2√
uT ′′(ai)→
∫
dX(
∑
i
δ(X − ai)) (2.11)
Note that the normalization in front of gaussian is uniquely fixed by considerations de-
scribed above.
Thus, world-sheet path integral (and the string field theory action ) in the boundary
theory reduces to the trace over n-dimensional vector space as a result of above projection.
This vector space may described as a subspace (linear combination of the delta-functions)
of the linear space F of all functions on the space-time.
Our goal will be to describe the operators corresponding to ”jumps” between the
points of minima of the potential T (X).
First we give a simple description in terms of the operators acting on the space F . The
operators we need should be compatible with the reduction (2.11) (they should preserve
the linear space of the delta-functions δ(X−ai)). Let us first note that there are projection
operators:
Eii =
∏
k 6=i(X − ak)∏
k 6=i(ai − ak)
=
W (X)
W ′(ai)(X − ai) (2.12)
with the property:
Eii(X)δ(X − aj) = δijδ(X − aj) (2.13)
Eii(X)Ejj(X) = δijEii(X) mod W (X) (2.14)
In addition one can consider the set of differential (more exactly difference) operators:
Eij = e
(ai−aj)∂X
∏
k 6=j(X − ak)∏
k 6=j(aj − ak)
= e(ai−aj)∂XEjj (2.15)
(in the special case i = j, Eij becomes Eii defined in (2.12)). Their action does not spoil
the structure defined by reduction (2.11). It is easy to show that the following relation is
satisfied:
Eijδ(X − ak) = δjkδ(X − ai) (2.16)
We conclude that the operators Eij modulo W (X) generate the algebra gl(N).
Now we would like to give an explicit realization of these operators in terms of the
operators of the corresponding boundary conformal field theory. The non-abelian degrees
of freedom have their origin in the open strings stretching between D-branes. Let us start
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with Dirichlet boundary condition X|∂D = a. It is easy to construct the boundary operator
in conformal field theory that shifts the Dirichlet boundary conditions X|∂D = a to new
boundary condition X|∂D = a+∆X(θ):
V∆X = e
∫
dθ∂nX(θ)∆X(θ) (2.17)
In order to realize the process when in the beginning the string ends on the D-brane X = ai
then jumps to D-brane X = aj and then at the end jumps back to the D-brane X = ai
we take the ”shift”- function in the form of step-function:
∆X = (a1 − a2)ǫ(θ|θ1, θ2) (2.18)
ǫ(θ|θ1, θ2) = 1 θ1 < θ < θ2
ǫ(θ|θ1, θ2) = 0 otherwise
Then using the decomposition of the scalar field X = X+ +X− in terms of positive and
negative frequency modes
Xµ(θ) == Xµ+(θ) +X
µ
−(θ) = (
1
2
Xµ0 +
∑
k>0
Xµk e
ikθ) + (
1
2
Xµ0 +
∑
k<0
Xµk e
ikθ) (2.19)
we could represent V∆X operator as the product of two ”jump”-operators:
V∆X = e
∫
θ1
θ2
(ai−aj)∂nX
= e
∫
θ1
θ2
(∂θX+−∂θX−)(ai−aj)
= (2.20)
= e(X+(θ1)−X−(θ1))(ai−aj)e−(X+(θ2)−X−(θ2))(ai−aj) (2.21)
Therefore one has the following expression for the ”jump”-operator:
V ij(X(θ)) = e
(ai−aj)
α′
(Xm(θ)), Xm = X+ −X− (2.22)
This operator corresponds to the excitation with the mass defined by its conformal dimen-
sion:
m2 =| ai − aj |2 /(α′)2 (2.23)
which is in accordance with the expectations (m2 ∼ length2) for the mass of the non-
abelian part of the tachyon. In order to get the operators describing the general states
from the spectrum one should multiply (2.22) by the polynomial of the derivatives of X
and the standard exponential factors eipx responsible for the non-zero momentum along
D-brane. One can make a contact with (2.15) by realizing that the sector of the boundary
theory corresponding to the Dirichlet boundary condition X = aj is given by the insertion
of the δ(X − aj). The action of Eij on this function reproduces the action of the operator
exp((ai − aj)∂X).
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3. Quantum analog of the Hamiltonian reduction on T ∗X and Matrix algebra
In this section we explain the meaning of the operators Eij in a slightly different way.
The following can be formulated as the quantum reduction of the algebra of quantized
functions on T ∗X [39] (this construction also appears in the discussion of W-geometry
[40]).
Consider the simple case of one dimensional flat space M . The differential operator
may be considered as the function on the non-commutative space T ∗Mh -the deformation
of the cotangent bundle defined by the canonical Poisson structure h ∂
2
∂x∂p
. Let D = ∂n be a
differential operator of n-th order. The space of solutions is Sol(D) = {1, x, x2, · · · , xn−1}.
We would like to make quantum analog of the Hamiltonian reduction with the mo-
mentum given by D. In other words we look at the subspace A of all differential operators
with the following properties. For any operator P ∈ A there should exist an operator P ′
satisfying the condition:
DP = P ′D (3.1)
and we identify the operators in A under the equivalence relation:
P ∼ P + P ′′D (3.2)
where P ′′ is an arbitrary operator. It is easy to see that the operators from A act on
the space of solutions Sol(D). Moreover we have a multiplication structure on A (the
product of equivalence classes is unambiguously defined as the equivalence class). Using
the second condition we may restrict ourselves by the operators of the order (n − 1):
P = a0 + a1∂ + · · · + an−1∂n−1. From the first condition we get the restrictions on the
coefficients ai. Simple calculation shows that the number of free parameters is n
2. It is not
surprising that the n2-dimensional algebra acting on the n-dimensional space is isomorphic
to gl(n). For example, in case of n = 2 we have explicit isomorphism:
P = (p0 + p1x) + (p3 + p2x− p1x2)∂ (3.3)
P ∼
(
p0 p1
p3 (p0 + p2)
)
(3.4)
This is a standard representation of the gl(2) algebra in terms of the first order operators.
Consider more interesting example: D = ∂2 − λ∂. The space of solutions Sol(D) =
(1, eλx) and the corresponding algebra is generated by the operators:
P = (p1e
λx + p0) + (−p1
λ
eλx +
p2
λ
e−λx +
(p3 − p0)
λ
)∂x (3.5)
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One could make Fourier transformation and look at the ideal defined by the function
W (x) = x2 − λx. The space of solutions f ∈ Sol(W ) of the equation W (X)f(X) = 0 is
given by delta-functions Sol(W (x)) = {δ(x), δ(x− λ)} and using the Fourier transform of
(3.5) we get:
P =
1
λ
(−p1e−λ∂x(x− λ) + p2eλ∂xx+ p3 − p0(x− λ)) (3.6)
The action of these operators on the delta-function bases of Sol(W ) provides the connection
with (2.22). These considerations could be straightforwardly generalized to the case of an
arbitrary (multidimensional) potential W (x).
4. Algebra of the differential operators from the boundary field theory
In the last section we will show how the framework of the qunatization of the cotangent
bundle of the space-time naturally appears in the sigma model description of open strings.
As a model example we consider bosonic sigma-model on the disk with unspecified
boundary conditions:
S2D =
∫
dθdτ ||dX ||2 (4.1)
The action takes extreme values on the configurations:
∆X = 0 (4.2)
∂nX |∂D = 0 (4.3)
where ∂n is the normal derivative on the boundary. Thus on the classical solutions Neu-
mann boundary conditions hold. Boundary action was given in (2.8):
IB =
∫ ∫
dθdθ′Xµ(θ)H(θ, θ
′)Xµ(θ′) (4.4)
Here H = d∗ is a normal derivative operator acting on the harmonic functions on the
disk. The meaning of this notation is the following. Introduce the operation ∗ on the fields
(”T-duality”):
∗Xµ(θ) =
∑
k∈ZZ
sign(k)Xµk e
ikθ = Xµ+(θ)−Xµ−(θ) (4.5)
(compare with (2.19)) d∗ may be considered as the composition of the usual derivative and
∗-operator. Note that at least when the local operators are considered the fields ∗X and
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X may be treated as independent. Two-point correlation functions of the fields are given
by:
< Xµ(θ)Xν(θ′) >= δµν
∑
k 6=0
1
|k|e
ik(θ−θ′) (4.6)
< ∗Xµ(θ) ∗Xν(θ′) >= δµν
∑
k 6=0
1
|k|e
ik(θ−θ′) (4.7)
< Xµ(θ) ∗Xν(θ′) >= δµν
∑
k 6=0
1
k
eik(θ−θ
′) (4.8)
The non-symmetric part of these correlators leads to non-commutativity of the oper-
ators ∗X and X :
[Xµ(θ), Xν(θ′)] = 0 (4.9)
[∗Xµ(θ), ∗Xν(θ′)] = 0 (4.10)
[∗Xµ(θ), Xν(θ′)] ∼ δµνδ(θ − θ′) (4.11)
The symmetric part of the correlation functions is given by the standard Green func-
tion:
G(θ, θ′) = 2 log |eiθ − eiθ′ |2 (4.12)
and is singular when the points coincide. This leads to the necessity to regularize the
theory. Let us suppose that our regularization prescription modifies the metric on the
boundary as follows:
||z1 − z2|| = |z1 − z2| when |z1 − z2| ≫ lR (4.13)
||z1 − z2|| = 1 when |z1 − z2| ≪ lR (4.14)
(thus lR is a characteristic regularization length). With this prescription we get for mod-
ified Green function GR(0) = 0. Note that this regularization does not modify the ”non-
commutative” part of the correlators. Thus we would like to conclude that if we are
interested in the small distance correlation functions only ”non-commutative” parts sur-
vive. One should propose that this is the way matrix degrees of freedom show up in the
sigma model approach. It would be interesting to extract relevant degrees of freedom
explicitly. This can be done as follows. Let us start with the action:
IB =
∫
dθXµd ∗Xµ (4.15)
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It is obvious that this theory is equivalent to the following theory with the additional fields
Xmµ :
I ′B =
∫
dθ(Xmµ dX
µ +Xmµ d ∗Xmµ ) (4.16)
To have equivalence between the theories (4.15) and (4.16) one should not integrate
over zero modes of the new fields Xmµ in the functional integral (it may be achieved by
insertion of the delta function δ(Xmµ (0))).
Now consider a simple example of the calculation of the correlation function in this
theory:
<
∏
i
eipiX(θi) >I′
B
(4.17)
It is clear that when the points θi are sufficiently close correlation functions at small
distances are dominated by the first term in the lagrangian (4.16) (with the regularization
(4.13),(4.14)). Thus we are getting the effective theory:
I =
∫
dθ(Xmµ dX
µ) (4.18)
This is the standard description of the quantization of the cotangent bundle. The basic
operators have the commutation relations:
[Xmµ , X
m
ν ] = 0 (4.19)
[Xµ, Xν ] = 0 (4.20)
[Xmµ , X
ν] = δνµ (4.21)
Let us show that the correlation functions of the operators (2.20) and (2.22) reduce
to the standard representation of the differential operators in the theory with the action
(4.16). Consider the correlation function that includes normal derivatives:
<
∏
i
eipiX(θi)e
∫
dθaµ(θ)d∗X
µ(θ) >I′
B
(4.22)
One could get rid of the non-local terms by the shift of the variable. For the correlation
function (4.22) the simple shift:
Xmµ → Xmµ + ∗aµ (4.23)
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makes the necessary change. We are interested in the short distance behaviour of the
correlation functions. Thus after dropping the terms with non-localities with * operations
(this is legitimate with our regularization prescription), we come to the following correlation
function in the theory with the action (4.16) :
<
∏
i
eipiX(θi)e
∫
dθaµ(θ)dXmµ (θ) >I′
B
(4.24)
Now let us take the function a of the form: a(θ) = (a1 − a2)ǫ(θ|θ1, θ2) (compare
with (2.18)). We get a standard path integral representation of the product of differential
operators e±(a1−a2)∂X and
∏
i e
ipiX in quantum mechanics. Thus we have shown that
the effective theory is consistent with description of the non-abelian degrees of freedom
discussed in the first and second sections of the paper.
5. Conclusions and further directions
In this paper we have discussed the appearance of non-abelian degrees of freedom in
open string theory using background independent open string field theory. The importance
of the algebra of differential operators for the description of this phenomena was stressed.
This algebraic structure may be helpful for the construction of the full effective action for
tachyon field [21]. This action may be connected with natural ”geometric” action for the
algebra of differential operators analogous to the action functionals on coadjoint orbits and
related symplectic manifolds considered in [41].
Obviously there is interesting mathematics behind the descriptions of the vector bun-
dles on the submanifolds in terms of differential operators. We give a very elementary
description and do not discuss the connections with D-modules, Derived categories (see
for instance [42]) and its K-(co)homology invariants. The application to the universal con-
struction of the couplings of RR gauge fields with open strings in an arbitrary D-brane
background is given in [36].
Let us make at the end several remarks on the generalization of this approach to the
full-fledged description of all string modes. The description in terms of the differential
operators acting on the functions on the space-time obviously is an approximation of the
more general structure of differential operators on the space of the half-strings (open string
field theory) [28], [29], [30], [31], [32]. Consider an arbitrary open string as a composition
of the ”infinitesimal” open strings with identified ends. Each ”infinitesimal” open string
12
may be described by the local variables and taking into account the considerations in this
paper one could suggest that the description in terms of the differential operators may be
a natural candidate. Then stringy ”matrix” algebra would be substituted by (subalgebra
of) the universal enveloping algebra of differential operators as an abstract Lie algebra.
However, the real state of the matters is more complicated. In order to deal with arbitrary
functionals on the configuration space of the open strings, these ”infinitesimal” strings
should contain the information about all derivatives of the map of the small interval into
the space-time. From the Lagrangian point of view this leads to the consideration of the
boundary interaction containing arbitrary derivatives of the fields (see related discussion
in [25], [21]. In the Hamiltonian language this is beyond the quantization of a tangent
bundle of space - time. One could believe that generalization of the differential operators
appearing in this more general setup would provide the right framework for the discussion
of string algebra. This picture seems to be rather close to the description of the strings in
Matrix Theory and deserves further considerations.
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